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ABSTRACT

Double-charge-exchange reactions induced by pions are shown to furnish a
direct means of detecting nucleon-nucleon correlations in nuclei. For the pertic-
ular case of double isobaric analog transitions the effect of correlations is easily
isolated and quite strong. Examination of the properties of the position cor-
relations implicit in the nuclear shell model provides an explanation of several
experiinentally observed features of double-charge-exchange reactions, includ-
ing in particuler, their dependence on the number of valence neutrons present.
An explicit demonstration of the role played by nucleon-nucleon correlationc
is presented for the double-charge-exchange cross-sections of the isotopes *1Ca,
44Ca and **Ca, recently measured at LAMPF. Our analysis explains why the
cross section for the double-charge-exchange reaction on **Ca, in which 28 neu-
tron pairs participate, is comparable and indeed smauller than the corresponding
cross-section for 2Ca with its single valence neutron pair. It also predicts the
variation of ungular distributions over the family of isoiopes.

} Presented at the Workshop on "Pion-Nucleus Physics: Future Directions

and New Facilities at LAMPF”, August 1987, Los Alamos National Laboratory,
NM



INTRODUCTION

Although the existence of position correlations between nuclear particles is an
essential part of most models of the nucleus, the experimental attempts to iso-
late their signatures have had a ratier frustrating history. Other effects tended
to doininate them quantitatively, and usually those effects have been too poorly
defined to be separable in any practical way. Double scattering amplitudes, for
example, are sensitive to correlations, but cannot easily be separated from the
typically much larger amplitudes for single scattering. Pion absorption processes
are certainly sensitive to correlation effects but their mechanisins and the num-
ber of nucleons involved is not yet well determined. Double-charge-exchange
processes of pions in nuclei, however, do not suffer {romn these drawbacks; they
have a cleaner mechanisni and zan be described by a double-collision amplitude
that is not hidden by any interfering single-collision amplitude. In particular
those double charge exchanges that take place between isobaric analog states
are quite similer to elastic double scattering processes, and can thus be analyzed
in considerable detail. This is particularly the case for low energy reactions, e.
g- [or pion kinetic energies ~ 35 - 50 MeV, since the 7N interaction is relatively
weak at these energies. Indeed, an approach based on the lowest (second) or-
der term in the coherent multiple-scattering expansion was shown recently! to
describe such processes quite accurately. The analysis of ref. 1 focused on the
double-charge-exchange process at 50 MeV in '*C, a target nucleus with two
valence neutrons that the reaction transforms into protons. The magnitude #id
the shape of the differential cross-section were found to be quite responsive to
the position correlations of these two valence neutrons.

The purpose of this paper is to describe a generalization of the approach
of ref. 1, which will enable us to describe double-charge-exchange reactions
on targets with more than two valence neutrons. Our work has been largely
stimulated by the recent measurements? ¥ ¢ of differential cross-sections for
double isobaric analog transitions in the calcium isotopes ?Ca, *‘Ca, and **Ca.
The measurement: have presented an interestinq puzzle in the smallness of the
nmagnitudes of the differential cross-section for **Ca relative to that for 42(ha.
These experimental results permit us now to give a much more detailed and
explicit demonstration of the role played by nucleon-nucleon correlations. The
results 5ot' our analysis described in this presentation have also been reported
carlier.®®

TRANSITION AMPLITUDE
FOR DOUBLE-CHARGE-EXCHANGE REACTION

The charge-exchange processes we study are induced by positive pions inci-
dent on the nucleus (N, Z) and lead to the isobaric analog state in the nucleus
(N -2,Z +2). Such analog-state transitions are essentially elastic. The nucleon
isospins are simply rotated, while the configuration-space and spin wave func-
tions of the nucleons undergo no change. The nucleus (¥, Z) will be pictured ws
consisting of a cloced-shell core plus N — Z valence neutrons. At the low energy
of 35 MeV the nucleus is fairly transparent to pions. We have shown i1 our
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study' of double charge exchange in !*C at the somewhat higher energy of 50
MeV that no appreciable error is introduced by using the second-order impulse
approximation to describe the double-collision process. At 35 MeV that ap-
proximation should be comparably good and the integrated background eflects
of nuclear elastic scattering and absorption small.! Within this approximation
double charge exchange is simply a sequence of two single exchanges. In the
double analog transition neither of these exchanges can take place on nucleons
in the nuclear core since such processes lead to final states outside the isobaric
multiplet. The nuclear core therefore plays a passive role, and the matrix ele-
ment of the #* — #~ process can be expressed simply as a sum of contributions
of pairs of valence nucleons.

Our expression for the transition amplitude for the double-charge-exchange
reaction 7t (N —2,Z + 2,0%) - »°(N, Z,0%) in the second-order irmpulse ap-
proximation is given by the matrix element

N-2Z
Focx(Q)=(""(N=2,2+2,0%)| > T(Q,rm,r.) | 7* (N, Z,0*)) , (1)

matn

where T are appropriate transition operators dependent on the coordinates,
spins, and isospins of two nucleons, Q = k; —k; is the momentum transferred by
the pions, k; and k/ being the incident and s:attered pion momenta respectively.

The transition operator T for the pair of nucleons located at rm and r,
expressed in terms of the spin dependent charge-exchange amplitude of the n-th
nucleon a by F,.(ky, k;), can be written as

T(Qutmi®) = =55 [[Frlks,PIG(P)Fap. i)+ Falks, 2 JG(P) P (P, k)ldp.
(2)

The integration variable p is the momentum of the neutral pion in its states
that intervene between the two collisions to the other, and

G(p) = (k* - p* +ie)~! (3)

is the complex pion propagator. We note that the transition amplitudes in the
expression (2) have been summed over all possible intermediate nuclear states
by means of the closure approximation. Had we restricted the summation to
the intermediate analog state, we would, in fact, have excluded altogether the
possibility of treating correlations.! It may be worth pausing for a moment to
emphasize that point.

There is a rather appesling but flawed argument sometimes given to support
the contrary idea - that for the double analog transitions we are considering, the
only interinediate state that contributes to the observed amplitude is the analog
state itself. [t may be useful to discuss that argument as a cautionary example.
The argument maintains that neither of the two charge-exchanging collisions of
the pion can in any way slter the space or spin states of either of the two struck
neutrons.That should be true because the final nuclear state, as an analog of the
initial state, must have a space-spin wave function identical to the original one.
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Furthermore, since the individual collisions take place with different neutrons,
if either neutron wave were changed in either of the two steps of the collision
process,there is .o way in which that change could be reversed in the other step:
the final state would necessarily lie outside the original isospin multiplet. But
then if neither struck neutron can change its space-spin state, the intermediate
stats must also belong to the same isospin multiplet, and no contribution to the
process would seein to come from any of the other possible intermediate states.
What, now, is wrong with this picture?

The problem is a fairly fundamental one. The argumeut we've just noted
assumes a bit too loosely that there is such a thing as the state of each neutron.
If we were entitled to use an independent particle model of the nucleus, and
could use a product wave function to represent it, then the individual states the
argument refers to would be definable, and the intermediate analog state would
indeed be the only one to contribute. But in a system containing nucleon-nucleon
correlations the argument breaks down. If the collision of a pion with one of two
correlated nucleons alters the wave function of one of them, it inevitably alters
the wave function of both. That fact breaches the constraint noted earlier.
The identity of the initial and final nuclear states no longer implies that the
interinediate state must be the same.

The operetive principle, in effect, is the same as that underlying the classic
quantum mechanical paradox of Einstein, Podolsky, and Rosen.” When particles
are in a correlated state, their states can no longer he discussed individually.
Making a measurement on one inevitably influences the nth.z, wherever it may
be. miles away or just elsewhere in the same nucleus.

The amplitude F, that describes an individual charge-exchange process on
the n-th nucleon contains the familiar retardation phase factor e!(P=P)*» ¢
aiso depends upon the nucleon spin & ,, its isospin 7, and the pion isospin T,.
[t can be written as

Fa(p'\P) = (Fn T)e PP M (p',p),
Ma(p',p)= f(p',p)+iFn-(P x P )o(p',p)h(P,P) (4)

In ihe latter expression f(p',p) and g(p',p) are the spin-independent and
spin-flip charge-exchange amplitudes, respectively. The function h(p',p) rep-
resents the off-maass-shell form factor. We shall assume for it, as in our previous
analysis', the frequently used expression®

2 k?
h(p, k) = h(k,p) = ——2, :p,. (5)

where k =| k; |, and the parameter A may be inlerpreted as the reciprocal of its
range of the # N interaction. The presence of such a form factor prevents the
scattering amplitude (4) froin having an unphysical and even divergent behavior
for lerge values of pion momenta.



Another, equivalent, way of incorporating the the effect of form factor (5) in
the matrix element (2) is to combine it with the free-pion propagator (3) by
defining an effective propagator

G(p) = G(p)h*{p, k) , (6)

which has the following form in the configuration space

. 1 ) . e\'kr e—Ar k? + AZ
— | Jipr - _
Glr) = (2n)8 /e G(p)dp 4mr + 4rr [1 * 2A r] !

(7)

while G(r) is simply the first of these terms. The propagators G(r) and G(r)
behave differently only for r — 0, where G/(r) becomes infinite while C;'(r) tends
to a finite value. In tnis respect the effective propagator G can be thought of
as an averaged propagator for finite-sized particles. The r dependence of the
propagator plays an important role in the matrix element (2); it emphasizes
strongly configurations in which the two neutrons are close together. The effec-
tive propagator G(r) weakens that emphasis to a degree, but still provides that
double charge exchange is most probable when the separations are small.

By evaluating the isospin matrix elements and by summing terms involving
all the contributing pairs of nucleons, we obtain the following expression for the
double-charge-exchange amplitude

Focx(Q) = \/A(¥ - 2N - Z-1)M,_,(Q) . (8)

where M, _,(Q) is the double-charge-exchange amplitude on one arbitrarily
chosen pair, of neutrons, say 1 and 2,

M, ,(Q)= —%;(L---.N - 2| /e“'""*“‘""[Mx(k/,p)G(p)Mz(p,k.-)+
+ My(k;,p)G(p)M:(p, ki) dp | 1,....N - Z), (9)

and qi = p — k; and q; = ky — p are the momenta transferred to the pion in
its succesive collisions with two neutrons.

The square of the matrix element (8) contains as a factor the total numnber of
valence neutron pairs. While that number increases, for example, from 1 to 28
in the sequence of isotcpes from *?(s to *°Ca, it would be quite erroneous to
assume that the cross section for double-charge-exchange increases in any similar
way. In fact the effect of nucleon-nucleon correlations, as we shal! show, is to
make the matrix element M, _,(Q) decrease in modulus, so that the double-
charge-exchange cross-section actually decreases in magnitude as NV — Z increases
within a given nuclear shell.



It is clear from the structure of Eq. (9) that the dependence of M, _,(Q) on
the nuclear wave functions enters the calculation through the two-particle form
factor

Sy o(q,q2) = (1,..,N = Z | enmntiarn || N _ 7)

— ‘/cl‘ql-rl+iqj-r:pilz-)'(rl'rz)drldrz R (10)

where p{?)_(r;,r;) is the two-particle density of the valence neutrons in the

initial ground state. The wave function also enters Eq.(8) through an analogous
spin-dependent form factor

5P (qy,q2) = (1., N=2Z | &,-(kixp)&3-(pxky)eltrmtianr|)  N-Z),

(11)
that describes double-spin-flip processes. The role of these spin-flip transitions in
the double-charge-exchange process, although quantitatively significant, seems
not to be as important as the effect cf spatial correlation in explaining the
general behavior of the observed cross-sections. We shall therefore forego the
spin-dependent terms explicitly in the present discussion and shall concentrate
instead on the effectn of spatial correlation, but we do this with the understand-
ing that the results we s ate for our detailed calculations nonetheless include all
effects of spin dependence.

If there were no correlations among the valence neutrons, the two-particle den-
sity p{?) (ry,r2) would factorize into the product p(r;)p(r3) of the two single-
particle densities, and in that case, as we have shown in ref. 1, the only inter-
mediate nuclear state that would then contribute to the double-charge-exchange
process would be the isobaric analog state. We are assuvming, on the contrary,
that correlations are present and have therefore summed over all accessible inter-
mediate states, both analog and non-analog. To express the effect of correlation
more explicitly we introduce the correlation function

Cr._s(r1,r2) = p{2, (F1,72) = p(r1)p(r2), (12)

which permits us to write the form factor (10) as the sum of two terins,

Sy_s(q1,92) = So(q1)50(q2) + /ciq""+“‘""C~_,(r1,rz)drldrz. (13)

where

Sola) = [ evp(r)dr (14)

is the single-particle form factor. The first of the terms in Eq.(13) is associated
with transitions that take place through the analog state; the two single-particle
form factors it contains tend to be strongly peaked in the forward direction.
The second term, which expresses the effect of correlations, is associated with
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transitions that take place only through the non-analog states and vanishes for
g1 = 0 or q; = 0. These two terms then will lead, in general, to transition
amnplitudes having different angular dependences.

SHELL-MODEL CORRELATION EFFECTS
IN DOUBLE-CHARGE-EXCHANGE REACTIONS

In the foliowing discussion we exanine the effects of the primary sources of
the correlations of positions and spins of the valence neutrons which follow from
the constraints implicit in nuclear shell structure.

The constraint that the angular momenta of the valence nucleons must sum to
zero leads to particularly strong spatial correlation for a single pair, N - Z = 2.
Additional neutron pairs added to the valence shell tend furthermore to have
angular momenta coupled to zero as well. We have applied these constraints,
together with the requirement of antisymmetry, to the wave functions for the
shell of j =1 + % orbitals. The single-particle density p(r) that results is just
the squared radial wave function for the shell and is sphericaliy symmetric. The
correlation function, on the other hand, for N .- Z even, is

Cualts¥) = my_y o )olr’) (L4 )P #0 + g [(PRG-E))7 1),

(15)
where the constant x__ is given by
_2j+3-2N-2)
s TR -)N-Z-1) (16)

and P; and P! are the normal and associated Legendre functions respectively.
We note that C,_, has the same shape for all values of N — Z within the

j =1+ 1 shell. The coefficient x,._, cvidently governs the magnitude and sign

of the correlation effect. In particular, for a filled shell with N — Z — oo, we
have

N_liﬂmC,_,(r,r) = -1p%(r), (17)

which expresses the correlation characteristic of a Fermi gas.
The complete expression for the spin-independent form factor (10) that cor-
responds to the correlation function (15) is

Sw_s(,q2) = So(91)So(qa) + <, , D0, 5.,(9:)S:(q2)Pe(@ @), (18)
L#0

wlhere

S,(q) = / drr?j, (qr)R3(r) (19)

is the form factor associated with the intermediate nuclear atate with angu-
lar momentum L, i, is a spherical Bessel function, and R.; the radial wave
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function® corresponding to principal quantum number n and orbital momentum

[ and

. 2 [ l l L Lo 2
e, =@j+nrr ({11 Tlek] (20)
i 73

given it terms of the Wigner 6-j symbol and the Clebsch-Gordon coefficient. We
do not present here the lengthier expression for the spin-dependent form factor.
We mey note, however, that it contains no contribution from the uncorrelated
part of the two-particle density. In effect, the double-spin-flip transitions take
place only on correlated pairs.

In the course of the double-charge-exchange process a neutral pion must prop-
agate from one of a pair of participating neutronez to the other. Its propagator
provides a weighting in the integrand of Eq. (9) that is naturally greatest when
the two neutrons have small separation. It is that tendency of the process to
favor confligurations in which the valence neutrons are close together that gives
particular emphasis to the effects of spatial correlations.!

SHELL-MODEL CORRELATION EFFECTS IN CALCIUM ISOTOPES

A very instructive insight into the role played by correlations in the transi-
tion amplitudes present in the multiple scattering expansion can be gained by
examining how the correlations affect the distribution of the relative coordinate
of two nucleons on which the reaction takes place. Such a density distribution
- separation density function has been used, in fact, in our previous detailed
analysis of correlation effects in high energy hadron-nucleus reactions. !° We
note, that, the separation density of present interest is that of the valence neu-
trons only, and it is, in general quite different from that of all nucleon pairs. In
fact, the correlation effects in the valence neutron shell, to which the double.
charge-exchange reactions are sensitive to, are different and quantitatively more
important than those affecting the elastic double. collision amplitude.

The separation density of the valence neutrons is

1 -iq-r
pustr) = [EL, (R4 AR 0R = oo [eens, L (a,-a)da . (21)

It is this function, weighted with the spatial pion propagator and its deriva-
tives, and integrated over r, that governs the magnitude of the forward values
(Q = 0) of the double-charge-exchange cross section.

We have used a set of harmonic-oscillator-based wave functions for the f*

shell® to evaluate the separation densities for the valence neutrons of the cal-
cium isotopes of even A. The results, which are shown in Fig. |, illustrate a
strong tendency for the two valence neutrons of *?Ca to lie close together and
a progressive weakening of the tendency as further neutron pairs are added to
the same shell.



The dotted curve in Fig. 1 represents the separation density with the corre-
Iation term omitted and is the same for all four isotopes. The central values of
the separation density exceed the uncorrelated value for *2Ca and **Ca and are
smaller than that value for *Ca and *Ca. Indeed, since

prl0) = (1+1x,, ) [ p*(R)R, (22)
the central values of p,.p are in the ratios

43 a 44 a 40 a 40 a
Paes(0) 1 0,5%(0) 1 9,.5%(0): p, S°(0) =1: b : b L (23)

and the uncorrelated value is 1; on the same scale.
010 L L L L

~
~

‘zCﬂ/\ \ P-q:(r)
—— Pure [y shell

= = With configuration mixing
- - m l” F

0.08

0.08

Fig. 1. The separation densities for *3Ca, *‘Ca,**Ca and **Ca (solid lines).
The dotted curve is the separation density with the correlation function C,, _,
set equal to zero. The dashed curve corresponds to s configuration-mixed rep-
resentation of ‘?Ca noted in the text.

The strong increese of the values of the separation density of valence neutrons
in 42Ca for small r results from large amount of overlap present in the spherically
symmetric state of a pair of valence neutrons. Such an enhancement is common
to other nuclei having two valence neutrons; we find it, however, to be weaker
for lighter nuclei. As an example illu-tratin? this effect, we present, in Fig.
2, the graphs of the separation densities for ‘*C obtained with the correlated
and uncorrelated two-neutron wave functions that are implicit in our previous

9



analysis.! Here the ratio of the central value of the separation densities to tha
corresponding uncorrelated value is &p?roxjme,tely ~ 2, which is significantly
sialler than the value ~ 7, we find for ?Ca.

The fact that the double-charge-exchange cross sections are proportional,
roughly speaking, to the squares of the values of the separation density, shows
how dramatically the correlations affect the cross sections. If we take these ra-
tios as a guide, we find the double-charge-exchange cross section for the single
valence pair in *?Ca to be some 49 times larger than that for any given pair
in **Ca. The correlation effect in ‘2Ca is thus so strong that its single pair
yielda a double-charge-exchange cross section significantly larger than the 28
pairs present in **Ca.

010 +— 1 1 1 1

0.06 -
0.04 -1

0.02

0.00

=T T
1

Fig. 2. Sepnration densities for valence neutrons in '*C. The solid lines
corresponds to the configuration-mixed representation of the two-neutron wave
function.!! The dashed curve represents the separation density obtained with
the product of two py/; single particle wave fuactions, i.e. with the correlation
function set equal to zero.

In more accurate terms, the cross-sectiona are determined by the shapes as
well as the central values of the separation density curves. The differential
cross sectious we have calculated by taking the momentum dependence of the
nN charge-exchange amplitudes, together with their full spin dependence, into
account and carrying out the integrations numerically are shown for the Ca
isotopes at 35 MeV in Fig. 2. In this calculations the */N charge-exchange
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scattering amplitudes entering in (4) have been parameterized in the {amiliar
form

f(p',p) =a+b(p' p),
g(p'\p)=c. (24)

The coefficients a, b, and ¢ appearing in the above formulas can obtained from
the phase shift analysis of # N scattering. '? The actual values of the parameters
b and c, that our calculation was based on are identical io those following from
ref. 12. The real part of the parameter a has been adjusted, similarly as in the
analysis reported in ref. 1, by increasing it by 18% .

The double-charge-exchange cross-sections differ not only in their magnitudes,
Lut in their angular dependences as well. The crosssection for *?Ca is strongly
forward-peaked and adding neutron pairs to the valence shell flattens it appre-
ciably

4 ! i 1 | . i | Jd
Ta =35 MeV
31 ﬁt‘ \\‘-\q s%cy, B

0 T
0 10

1 LI} |

b 1) 40
baa(deg)

Fig. 3. Comparison between the theoretically predicted differential cross-
sections and the experimental data for the reactions #* ACa(0%) — »~ ATi(0%),
for A=142, 44 and 48, at 35 MeV. The data at 30° are from ref. 3, and those at
40° follow from ref. 4.

The reason for this behavior is thut the angular diztribution contributed by
any neutron pair (m,n) is governed, roughly speaking, by the function

N

(Sv_,(1Q,1Q)) (25)
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representing the square of the form factor for the distribution

1
mmuu=/}ﬂxn+§nn—§ﬂa:(%P/FﬂQFxJ@quwq,
(26)

of its centroid!
R = Lrm+r0). (27}

Wlhen the members of the pair are closely spaced, as in *?Ca, the distribution
of the centroid is similar to the distribution of the valence neuirons themselves.
[t extends to large radii and consequentiy has a sharply peaked form factor.
For **Ca, on the other hand, the members of the valence pairs are generally
much further apart. The distribution of their centroids tends therefore to be
concentrated at smaller radii, and its form factor to be rauch less strongly peaked.

In the foregoing calculations we have used pure f; wave functions to describe
the ground states of the Ca isotopes. Any configuration mixing present in these
states may also aflect the double-charge-exchange cross-sections, however, by
changing both the correlated and uncorrelated parts of the two-particle density.

In order to verify the quantitative importance of the configuration mixing
in the double-charge-exchange reaction in *?Ca we have carried out a sample
calculation for a mixed representation of the ground state of *2Ca . In this
calculation, we liave assumed, the two neutron state to have 9% of the (p,‘)2

configuration and 91% of (fy )? configuration.!®

As is evident from the results presented in Fig. 1, the configuration mixing
tends io increase the values of the separation density for small distances between
the valence neutrons. It also results in an enhancement of the differential crose
section, seenin Fig 3. The two measurements that have recentll' been reported®*
at 30° and 40° for the reaction =+ *%3(Ca(0%) — =~ *?Ti(07), are consistent
within the statec errors with the prediction based on the ccnfiguration-nixed
wave function. The measurement?’ that has been made at 40° for the reaction
nt (Ca(0%) — #~Ti(0%) agrees with the calculation based or the pure f3

valence neutron wave functions. The pure fi prediction for the differential cross-

section for the reaction 7+ *4Ca(0*) — »~ **Ti(0%) at 40° underestimates only
slightly its experimental value.?
These measurementes thus represent clear evidence for the detection of corre-

lation effects in the valence shell.
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